given by Booker [1955] ,and Villars and Weisskopf [19553, were based on the idea that density fluctuations give rise to dipole-moment density fluctuations which in turn cause the familiar far-field electric dipole radiation. Most studies since then on scattering use the same basic idea. Rosenbluth and Weisskopf [1962] used a technique based on a farfield expansion of Maxwell's equations,and a source current consisting of a summation over discrete plasma particles. Birmingham et al. [1965] , although not specifically addressing themselves to the far-field problem,
showed that this scattering formula must be corrected by a factor equal to the refractive index of the scattered wave.
When the density fluctuations are excited by the random motion of charged particles, the scattering is referred to as incoherent scatter.
The study of incoherent scattering of electromagnetic waves by a plasma has been given by a number of authors. Dougherty and Farley [i960] , Salpeter [1960], and Fejer [1960] independently calculated the cross-section for random thermal fluctuations of the electron density. Hagfors [1961] extended the theory to include a static magnetic field. Rosenbluth and Rostoker [1962] generalized the theory to take into account departure from thermal equilibrium. The subject of scattering by density variations, and in particular, incoherent scattering, is thoroughly reviewed by Bekefi [1966] .
To our knowledge, all of the previous work has been based on the high-frequency assumption, i.e. that the incident and scattered electromagnetic waves are much higher in frequency than the plasma frequency.
In this paper we generalize this previous work by dispensing with this assumption and derive a result which is valid for all frequencies. Of course, we still must assume that we are not so close to a resonance that we must include multiple scattering effects.
The source currents responsible for the scattering are determined on the basis of two types of interaction, one depending on collective effects and one on discrete particle effects. These two effects arise, in turn, from the fact that the charged particle distribution function may be resolved into two components. One is the spatially averaged part associated with plasma waves and collective effects, and the second is the spatially rapidly fluctuating component which vanishes when averaged over the macroscopic volume. It arises from the discrete motion of the particles and is basically a thermal fluctuation phenomenon.
The mechanism for the collective source current is basically no more than a three-wave plasma interaction between the incident and scattered electromagnetic waves on one hand, and a scattering electrostatic plasma wave on the other hand. The plasma wave may be either a Langmuir or ionacoustic wave. A schematic of the process is shown in Figs. 1 and 2. In Fig. 1 , the incoming wave (co ,k ) mixes with the electrostatic plasma wave (co ,k ) to produce a scattered electromagnetic wave (CD = co + o> , k = It + k ) y ~~y Ci p 7 ""Q! ~p 7 In the second version of the process, shown in Fig. 2 , the incoming electromagnetic wave (CD k ) decays into an electrostatic plasma wave P ~"P (cu ,lc ) and a scattered electromagnetic wave (CD =CD -
A synchronism diagram showing the dispersion curves of the interacting waves and the synchronism parallelogram for the conditions CD = CD ± CD u P 7 k = k ± k corresponding to Figs. 1 and 2, respectively, is shown in -a ~~f, j
Figs. J and k for the case where the electrostatic wave is a Langmuir wave and an ion-acoustic wave, respectively
The mechanism for the source current arising from discrete particle effects is an interaction between the electromagnetic waves again, and the synchronous Fourier component of the fluctuating discrete component of the electron velocity distribution function. This source current is responsible for scattering by unscreened electrons, i.e. scattering which does not involve collective effects between the particles.
Our general mathematical approach is as follows. The far field is first determined in terms of an asymptotic expansion of Maxwell's equation (Lighthill, I960) . The effects of the two synchronous interactions mentioned above are then evaluated by solving the Vlasov equation to second order, and using the result to calculate the second order source currents. Once the source currents are evaluated, the far field and scattered power are determined in terms of products of certain fluctuating quantities. If the spectrum of the density fluctuations is known, the scattered power is determined by substituting the expressions for these products and carrying out the required mathematical manipulations.
In the case of incoherent scatter,where the density fluctuations are not externally driven, but are excited solely by the random motion of the plasma particles, it is possible to carry the problem forward to a final solution. In this paper we obtain expressions for the product of the fluctuating quantities under this assumption, and obtain a closed form solution for the incoherent scatter in terms of the unperturbed particle velocity distribution functions.
Since the resulting expression for the scattered power is somewhat involved, an expansion in inverse powers of the frequency of the incident electromagnetic waves is carried out to gain greater insight into the meaning of the results,and to provide a link with the results of previous workers.
k The general theory is also applied to the case where the plasma waves are so strongly driven by an external source that one can neglect the effects of the random motions of the charged particles. Expansions are again derived for a high frequency incident electromagnetic wave.
The results in this paper are based on the assumption that the static magnetic field is zero^ that the charged particle velocity distribution parameters are isotropic in velocity space^ and that the medium is homogeneous.
Theory for Scattering in Terms of Current Sources
In this section we consider the scattering in general,without specifying the current sources responsible. Our system is described by Maxwell's equations,
and the Vlasov equation,
where JS and E are the electric and magnetic fields, .B is the magnetic induction, .J and JT are the first and second order current densities, f is the electron velocity distribution function, _v is the velocity, and T] is the electron charge-to-mass ratio.
Taking the Fourier transform of Eqs. (l) and (2),and then combining , yields the relation
The first order current is given by
Oi where Equation (4) then becomes
2 ~a\-a -a a a a -^a 01 e n -*a * a We now determine the electric fields in the far-field zone,by taking the inverse Fourier transform,and then apply essentially an asymptotic expansion technique [Lighthill, I960] , The inverse transform of Eq. (10) is given by a a a If we replace <3 by its spatial transform, we obtain
Since £ » r^ , the integral over k can be evaluated in the form
where je^ = r/r . Finally, the integration over r_ yields
where k (fiu ) = k (a> )e . From Eq. (2), the corresponding magnetic field is 
The time-averaged power flow is given by
If T is very large, we may take the limit T/2 and Eq. (19) becomes
3
Upon substitution of Eqs. (ll) and (12), and simplification, we obtain finally In what follows, it will prove more convenient to write
where C2 is the solid angle into which Wave a is scattered and V is the scattering volume.
Solution of Vlasov Equation
In the previous section, we derived an expression for the scattered power as a function of the source current j[ . In this section, we (JC determine the latter quantity. In our derivation, we assume an isotropic unperturbed electron velocity distribution function, and the absence of a static magnetic field. The Fourier transform of Eq. (j) has the form
where f~ is the unperturbed electron velocity distribution, and the subscripts a, 6, and e refer to waves with frequency-wavenumber pairs (<u _.k ) , (ox,_k ), and (<£> ^k ) } respectively. Since the incoming wave is plane and monochromatic, it has a spectrum of the form where 6,e in the summation run over the values
and 7 refers to the wave for which the synchronism conditions
hold.
We may solve Eq. (26) where f is the fluctuating part of the solution [Kadomtsev, 1965] , which vanishes when averaged over the macroscopic volume, and satisfies the equations
Substituting in Eq. (26) ; we obtain the second order solution 
A second partial integration,followed by expansion of the summation according to Eqs. (27) and (28),yields
-a-'^y We will find it more convenient to write Eq. (39) in the form
a ~a ~y p v 7 -7 ~y
(GO -k .v) co (to -k -v) a -*a ***' ^ y "*7 "
v B HB -~B ~o:
"^p ~ v a ~a ~ x p -^p W e know from the synchronism conditions [Eqs. (29) 
-a ~a ~a ~a ~a
Substituting these into Eq. (kj), and collecting terms, yields
Source Current from Discrete Particle Effects
The source current due to discrete particle effects is obtained in the same manner as the source current from collective effects. We expand the summation in Eq. (j8), using only the term corresponding to Eq, (27); this is the only term which is dependent on the incoming electromagnetic wave, and therefore represents scattering. We obtain A partial integration reduces this to the form 
Scattering Formula:
We are now in a position to obtain the final scattering formula.
Substituting Eqs. (42) and (^9) 
This equation is the general scattering formula we have sought to I 12 derive. If one knows the spectrum corresponding to E I , f* E , and 7 l ' u 7 e 7 » f* \ > and tne unperturbed velocity distributions then the scattered 1 uye' power is determined.
Incoherent Scatter
We will now take up the case of incoherent scatter, where it is possible to evaluate Eq. (55) explicitly. In this case the assumption that the charged particle motions are random allows one to evaluate the products of the fluctuating quantities in the equation. In the appendix we show that these products are given by
Substituting these expressions,and integrating over v_ , reduces Eq. (55) to the form
where 0 
If we substitute into this equation the vector identity
and collect terms, we obtain
+ terms in (k X k X v) . 
where
is the charged particle susceptibility. In obtaining this result we have ignored the terms in V (v) containing (]& X k X v,) , since these give p rise to terms of order (v /c) ,and higher,when dealing with isotropic electron velocity distribution functions.
Let us now expand L in Eq. (6j>). To second order in to we obtain "-
We again expand _v according to Eq. ignore the component perpendicular to k . This yields, after replacing (k «v) by to the result~7 7 ~~ 7
A similar procedure for ^ yields the expression 
We now substitute the expressions for LI. and I. into Eq. (59) to obtain
Using the identities 
CD
becomes very large compared to CD and CD ,the high frequency inco-P 7 P herent scattering formula [Bekefi, 1966] 
If we let CD -• » and note that n C k E ey y y (82) we obtain the standard high frequency formula [gekefi, 1966] given by ) respectively]. These expansions show that two types of lower order corrections must be applied to the high frequency theory as the incident electromagnetic wave frequency approaches the plasma frequency. The P first type of correction is of order ((£ AO ) , and must be applied P p irrespective of the value of the difference frequency, tu , between p the electromagnetic waves. The second correction is of order (to /03 ) } and is clearly of importance only for scattering by the Langmuir waves.
These lower order corrections disappear for the case of backscatter.
As the frequency, oy , of the electromagnetic wave comes closer to (£> , then of course it is necessary to use the full theory [Eqs. (59) The theory of scattering by charged particle density fluctuations of a plasma is developed for the case of zero magnetic field. The source current is derived on the basis of, first, a three-wave interaction between the incident and scattered electromagnetic waves and one electrostatic plasma wave (either Langmuir or ion-acoustic), and second, a synchronous interaction between the same two electromagnetic waves and the discrete components of the charged particle fluctuations. Previous work is generalized by no longer making the assumption that the frequency of the electromagnetic waves is large compared to the plasma frequency. The general result is then applied to incoherent scatter, and to scatter by strongly driven plasma waves. An expansion is carried out for each of those cases to determine the lower order corrections to the usual high frequency scattering formulas.
